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Abstract
In this paper we prove two theorems of Littlewood–Paley type for M-subharmonic
functions. As applications we get a stronger version of an inequality of Littlewood–Paley
type forM-harmonic functions and a sufficient condition for the existence of admissible
limits ofM-subharmonic functions.
 2002 Elsevier Science (USA). All rights reserved.
1. Introduction
The main purpose of this paper is to prove two theorems of Littlewood–
Paley type forM-subharmonic functions in the unit ball B in Cn, n > 1. As an
important special case of our results we get a stronger version of an inequality of
Littlewood–Paley type forM-harmonic functions. As another application we give
a sufficient condition for the existence of admissible limits ofM-subharmonic
functions.
Let dν denote the normalized Lebesgue measure on B and dσ the nor-
malized surface measure on the boundary S of B . Also we let dτ(z) = (1 −
|z|2)−n−1 dν(z).
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A function u :B → [−∞,+∞) is said to beM-subharmonic (M-sh) if it is
upper semicontinuous and
u(a)
∫
S
u
(
φa(rξ)
)
dσ(ξ)
for each a ∈ B , 0  r < 1. Here φa denotes the standard automorphism of B
taking 0 to a (see [6]). The function u isM-harmonic (u ∈M) if equality holds.
For u ∈ C2(B), u isM-sh if and only if ˜u 0 in B , where ˜ is the invariant
Laplacian
˜u(a)= 4(1− |a|2) n∑
j,k=1
(δjk − aj a¯k)Dj Dku(a).
If u isM-sh on B , then there exists a unique regular Borel measure µu (called
the Riesz measure of u) such that∫
B
ψ dµu =
∫
B
u˜ψ dτ
for all ψ ∈ C2c (B), the class of twice continuously differentiable functions on B
with compact support (see [7]).
For a real function u defined on B we write
I (r, u)=
∫
S
u(rξ) dσ(ξ), 0 r < 1,
provided the integral is defined for all 0 < r < 1, and
I (u)= sup
0r<1
I (r, u),
where the value ∞ is permitted.
For z ∈ B and r between 0 and 1, Er(z)= {w ∈B: |φz(w)|< r}.
A real function u on B hasM-subharmonic behavior if for every ε ∈ (0,1)
there exists a constant C, depending only on ε, such that
u(a) C
∫
Eε(a)
u(w)dτ(w),
for each a ∈B .
Now we are ready to state our main results.
Theorem 1. Let u 0 be aM-sh function on B and let µu be the Riesz measure
of u. If 0 < ε < 1/4, 1 p <∞ and I (up) <∞ then there exists a constant C,
independent of u, such that∫
B
(
1− |z|2)n[µu(Eε(z))]p dτ(z) C[I (up)− u(0)p].
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If in addition u ∈C2(B) and ˜u hasM-subharmonic behavior then
µu
(
Eε(z)
)= ∫
Eε(z)
˜u(w)dτ(w) C˜u(z).
Thus, in this case we have
Corollary 1. Let 1 p <∞. If u 0 is a C2 M-sh function such that ˜u has
M-subharmonic behaviour then∫
B
(
1− |z|2)n(˜u(z))p dτ(z) C(I (up)− u(0)p). (1.1)
In this paper we follow the custom of using the letter C to stand for a positive
constant which changes its value from one appearance to another while remaining
independent of the important variables.
In the case 0<p  1 we have following theorem.
Theorem 2. Let 0< p 1 and let u 0 be such that up isM-sh. If 0 < ε < 1/8
and
∫
B(1− |z|2)n[µu(Eε(z))]p dτ(z) <∞, then I (up) <∞.
If in addition u ∈ C2(B) and ˜u hasM-subharmonic behavior, then there
exists a constant C, independent of u, such that
I (up)− u(0)p  C
∫
B
(
1− |z|2)n(˜u(z))p dτ(z). (1.2)
Our work was motivated by the paper [4] where the corresponding inequalities
for subharmonic functions in the unit disc are obtained.
2. Local estimates for Riesz’ measure
For 0 r < s  1 let
gr,s(z)=


1
2n
∫ s
r t
1−2n(1− t2)n−1 dt, |z| r,
1
2n
∫ s
|z| t
1−2n(1− t2)n−1 dt, r < |z| s,
0, s < |z| 1.
Obviously, gr,s ∈ Cc(B) if 0 < r < s < 1.
From now on we shall assume that u is an arbitrary nonnegativeM-sh function
and µu is its Riesz measure.
Lemma 2.1. If 0 < r < s < 1, then
688 M. Jevtic´ / J. Math. Anal. Appl. 274 (2002) 685–695
I (s, u)− I (r, u)=
∫
sB
gr,s (z) dµu(z). (2.1)
Proof. If v ∈ C2(B) then we have by the Green formula (see [5])
d
dt
∫
S
v(tξ) dσ(ξ)= t
1−2n(1− t2)n−1
2n
∫
tB
˜v(z) dτ(z), 0 < t < 1.
Integrating both sides of the last equality from r to s and applying Fubini’s
theorem to the resulting integral on the right gives
I (s, v)− I (r, v)=
∫
sB
gr,s(z)˜v(z) dτ(z). (2.2)
It is well known that if v isM-sh on B then Lv(ψ)=
∫
B v˜ψ dτ is a positive
linear functional on C2c (B) which has a unique extension to Cc(B). Thus, by the
Riesz theorem
Lv(ψ)=
∫
B
ψ dµv, ψ ∈ Cc(B),
where dµv is the Riesz measure of v.
Let (un) be nonincreasing sequence of C∞M-sh functions satisfying
lim
n→∞un(z)= u(z).
By the Lebesgue theorem limn→∞ I (r, un) = I (r, u) and limn→∞ I (s, un) =
I (s, u). Therefore, by (2.2), to prove (2.1) it is sufficient to show that
lim
n→∞
∫
B
gr,s(z)˜un(z) dτ(z)=
∫
B
gr,s(z) dµu(z)
or equivalently
lim
n→∞Lun(gr,s)= Lu(gr,s).
Let ε > 0. Choose functions g1, g2 ∈ C∞c (B) such that
g1  gr,s  g2 and Lu(g2) < Lu(g1)+ ε/2 (2.3)
(This is possible because Lu is a positive linear functional, see [3].)
By the Lebesgue theorem we have
lim
n→∞Lun(gj )= limn→∞
∫
B
un˜gj dτ =
∫
B
u˜gj dτ = Lu(gj ), j = 1,2.
Thus, for n sufficiently large
Lu(gj )− ε/2 <Lun(gj ) < Lu(gj )+ ε/2, j = 1,2.
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From this and (2.3) it follows that
Lu(gr,s)− ε < Lun(gr,s) < Lu(gr,s)+ ε,
for n sufficiently large. This finishes the proof of Lemma 2.1. ✷
By taking limit as r → 0 in (2.1) we get
I (s, u)− u(0)=
∫
sB
g0,s(z) dµu(z). (2.4)
Lemma 2.2. We have
I (u)− u(0)=
∫
B
g(z) dµu(z),
where
g(z)= g0,1(z)= 12n
1∫
|z|
t1−2n
(
1− t2)n−1 dt.
Proof. Write (2.4) in the form
I (s, u)− u(0)=
∫
B
χsB(z)g0,s(z) dµu(z).
Since χsB(z)g0,s(z) increases with s, we have
lim
s→1 I (s, u)− u(0)=
∫
B
lim
s→1χsB(z)g0,s(z) dµu(z)=
∫
B
g(z) dµu(z).
And since I (s, u) increases with s we have I (u) = lims→1 I (s, u). The result
follows. ✷
Lemma 2.3. Let p  1, 0 < ε < 1/2 and let µu and µup be the Riesz measures of
non-negativeM-sh functions u and up . Then there exists a constantC, depending
only on p and ε such that
µu
(
Eε/2(z)
)p  Cµup(E2ε(z)), z ∈ B.
Proof. It follows from the equality∫
B
ψ(w)dµv◦φz(w)=
∫
B
ψ ◦ φz(w)dµv(w), (2.5)
(see [7, p. 70]), which holds for anyM-sh function v and any non-negative Borel
measurable function ψ , that µv(Eε(z))= µv◦φz(Eε(0)), z ∈B .
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Thus, to prove lemma it suffices to prove that[
µu(Eε/2(0))
]p Cµup (E2ε(0)). (2.6)
By using the simple inequalities [I (r, u)− u(0)]p  [I (r, u)]p − (u(0))p and
(I (r, u))p  I (r, up), which hold because p  1, and Lemma 2.1 we find that( ∫
rB
g0,r (z) dµu(z)
)p

∫
rB
g0,r (z) dµup(z).
Putting r = 3ε/2 we get
[
µu
(
Eε(0)
)]p  C ∫
3ε/2B
dµup(z)
|z|2n−2 , (2.7)
where we have used the estimates g0,3ε/2(z) C > 0 for |z| ε and g0,3ε/2(z)
C|z|2−2n, n > 1. Thus to prove (2.6) we have to eliminate |z|2−2n in the integral.
Let a ∈ B . Using (2.5) and (2.7) we find that
µu
(
Eε/2(a)
)p = µu◦φa (Eε/2(0))p  C
∫
3ε
2 B
dµup◦φa (z)
|z|2n−2
= C
∫
E3ε/2(a)
dµup (z)
|φa(z)|2n−2 .
If |a|< ε/2, then Eε/2(0)⊂ Eε(a), and consequently in this case we have
µu
(
Eε/2(0)
)p  C ∫
E3ε/2(a)
dµup(z)
|φa(z)|2n−2 .
Now integrate this inequality over ε2B with respect to dτ(a) and use Fubini’s
theorem to get
µu
(
Eε/2(0)
)p C ∫
Eε/2(0)
dτ (a)
∫
E3ε/2(a)
dµup(z)
|φz(a)|2n−2
=
∫
B
χEε/2(0)(a) dτ(a)
∫
B
χE3ε/2(a)(z)
dµup(z)
|φz(a)|2n−2
=
∫
B
dµup(z)
∫
B
χEε/2(0)(a)χE3ε/2(z)(a)
dµup(z)
|φz(a)|2n−2
C
∫
E2ε(0)
dµup(z)
∫
E3ε/2(z)
dτ (a)
|φz(a)|2n−2
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=C
∫
E2ε (0)
dµup(z)
∫
E3ε/2(0)
dτ (w)
|w|2n−2 .
This concludes the proof because∫
E3ε/2(0)
dτ (w)
|w|2n−2 <∞. ✷
3. Proofs of Theorems 1 and 2
Proof of Theorem 1. Using Lemma 2.3 we find that∫
B
(
1− |z|2)n(µu(Eε(z)))p dτ(z)
C
∫
B
(
1− |z|2)nµup(E4ε(z))dτ(z). (3.1)
(Obviously, up isM-sh when u 0 isM-sh and p  1.)
Next we write µup(E4ε(z)) =
∫
E4ε(z)
dµup(w) and use Fubini’s theorem to
conclude that the right hand side of (3.1) is equal to∫
B
dµup(w)
∫
E4ε(w)
(
1− |z|2)n dτ(z) C ∫
B
(
1− |w|2)n dµup(w).
Since, (1− |w|2)n  Cg(w), we find that∫
B
(
1− |z|2)n(µ(Eε(z)))p dτ(z)C ∫
B
g(w)dµup (w)
=C(I (up)− u(0)p),
by Lemma 2.2. ✷
Proof of Theorem 2. Applying Lemma 2.3 to the pair up , (up)1/p we get,
because 1/p > 1,
µup
(
Eε/4(z)
)
 C
(
µu
(
Eε(z)
))p
. (3.2)
Here, µup and µu are the Riesz measures of u and up . Therefore,∫
B
(
1− |z|2)nµup (Eε/4(z))dτ(z) <∞.
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This implies that∫
B
(
1− |z|2)n dµup(z) <∞.
By Theorem 6.12 and Theorem 6.14 in [7],∫
B
g(z) dµup(z) <∞.
Thus, I (up) <∞, by Lemma 2.2.
Assume now that u ∈ C2(B) and ˜u hasM-sh behavior. Then (˜u)p has also
M-sh behavior (see [5]).
Thus,
µu
(
Eε(z)
)p = ( ∫
Eε(z)
˜u(w)dτ(w)
)p
C sup
w∈Eε(z)
˜u(w)p
C
∫
E2ε (z)
˜u(w)p dτ(w).
Using this and (3.2) we see that∫
B
(
1− |z|2)nµup(Eε(z))dτ(z)
 C
∫
B
(
1− |z|2)n( ∫
E8ε(z)
˜u(w)p dτ(w)
)
dτ(z)
 C
∫
B
˜u(w)p
(
1− |w|2)n dτ(w),
by Fubini’s theorem. Therefore∫
B
(
1− |z|2)n dµup(z) C ∫
B
(
1− |z|2)n(˜u(z))p dτ(z). (3.3)
As above, we conclude that I (up) <∞, which implies that∫
B
g(z) dµup(z) <∞, by Lemma 2.2.
In order to prove (1.2) additional work is needed. We rewrite (2.6) as( ∫
rB
g0,r (z) dµup(z)
)1/p

∫
rB
g0,r (z) dµu(z)
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and using this we conclude that∫
rB
g0,r (z) dµup(z)C sup
z∈rB
(
˜u(z)
)p  C ∫
2rB
(
˜u(w)
)p
dτ(w).
Now it is easy to show that (3.3) remains true if we replace the left integral by
I (up)− u(0)p =
∫
B
g(z) dµup(z). ✷
Applications
4. Littlewood–Paley theorems forM-harmonic functions
ForM-harmonic functions the following results are well known
1. If 2 p <∞ and u ∈M, then
I
(|u|p)C ∫
B
|∇˜u(z)|p
1− |z|2 dν(z) (see [7, p. 160]) (4.1)
where ∇˜ denotes the invariant gradient on B .
2. If 0 <p  2 and u ∈M, then∫
B
|∇˜u(z)|p
1− |z|2 dν(z) C
∫
S
Sαu(ξ)
p dσ(ξ).
Here the area function Sαu is defined by
Sαu(ξ)=
( ∫
Dα(ξ))
∣∣∇˜u(z)∣∣2 dτ(z))1/2,
where Dα(ξ)= {z ∈B: |1− zξ¯ |< α(1−|z|2)/2}, ξ ∈ S, α > 1, is the admissible
Koranyi approach region (see [7, p. 164]).
It is well known that if u ∈M then the area function Sαu belongs to Lp(S, dσ)
if and only if the admissible maximal function Mαu(ξ)= sup{|u(z)|: z ∈Dα(ξ)}
belongs to Lp(S, dσ) (see [1]). Thus if 1 p  2 , u ∈M and u(0)= 0 then∫
B
|∇˜u(z)|p
1− |z|2 dν(z) CI
(|u|p). (4.2)
As a special case of (1.1) and (1.2) we obtain a stronger version of the
inequalities (4.1) and (4.2).
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Theorem 4.1. (a) If 2 p <∞ and u ∈M, then∫
B
|∇˜u(z)|p
1− |z|2 dν(z) C
(
I
(|u|p)− ∣∣u(0)∣∣p). (4.3)
(b) If 1 p  2 and u ∈M, then∫
B
|∇˜u(z)|p
1− |z|2 dν(z) C
(
I
(|u|p)− ∣∣u(0)∣∣p). (4.4)
Proof. Let v = u2. A straightforward computation shows that
˜v(z)= 4∣∣∇˜u(z)∣∣2 (see [5]).
Now we take q = p/2, 1 p <∞. Then vq = |u|p isM-sh and using (1.1) and
(1.2) we get (4.3) and (4.4) respectively. ✷
5. Admissible limits ofM-subharmonic functions
A function u on B is said to have an admissible limit L at ξ ∈ S if
lim
Dα(ξ)z→ξ
f (z)= L.
The existence of the admissible limits ofM-sh functions has been investigated
in [2]. In Theorem 1 it is shown that if u  0 is a C2 M-sh function such
that
∫
B
(1 − |z|2)n˜u(z) dτ(z) < ∞ and ∫
B
(1 − |z|2)n(˜u(z))p dτ(z) < ∞,
n < p <∞, then u has admissible limits a.e. on S. As a consequence of this
and Theorem 1 we have
Theorem 5.1. Let n < p < ∞. If u  0 is a C2 M-sh function such that
I (up) <∞ and ˜u hasM-sh behavior, then u has admissible limits a.e. on S.
Proof. Obviously I (up) <∞ implies I (u) <∞, which is, in turn, equivalent to∫
B(1− |z|2)n˜u(z) dτ(z) <∞. As a consequence of Theorem 1 we have∫
B
(
1− |z|2)n( ∫
Eε(z)
˜u(w)dτ(w)
)p
dτ(z) <∞, ε fixed.
Since ˜u has M-sh behavior, ˜u(z)  C ∫Eε(z) ˜u(w)dτ(w). Therefore,∫
B
(1 − |z|2)n(˜u(z))p dτ(z) <∞ and, by Theorem of Cima and Stanton cited
above, u has admissible limits a.e. on S. ✷
Question. Is merely the condition I (up) < ∞, n < p < ∞, sufficient for the
existence of admissible limits a.e. on S of anM-sh C2 function u?
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